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'PREFACE

This.book starts the second course of a mathematics

sequence for the seventh and eighth. grades The content for the

sequence is being selected to serve as a vehicle for the develop-
,

ment of relevant computational. skills, mathematical reasoning, and

geometric perception in three dimenSions. The application of math-
,

ematics,to the social and natural sciences is alio..an important fac-

tor in the selection of material.
(4,

The style of the sequence encourages individual aswell

as group work, thus developing the communication skills in thecop-

text of mathematiCs. Strong emphasis is placed on stii,dent actiVi-
'4

ties, many of which are manipulative.

To serve a broad spectrum of students in he rogeneous

_classes, the material is divided into five types of sectiohs, tt firee

types constitute the main core: / ./ , '
1 i _ . ,.

, .:.
Activities by the whole clash., small groups

r or individual;
.

0 :' (J

Short reading sections, to,be.pssighea-bd:..,
discuSsed or to be read in class; and, ,..

promo-2

I71
Questions to be worked

9
OVt home or fri

cl

0

O
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Sections indicated by

f

1 ,

10
are intended to help the student who

has a weaker background-, and sections indicated by
AreII-
Nix provide

extra challenge and pleasure for the strongly motivated student.

The development of this project is supported bT a grant
-,

from the Natibiial Science Foundation. ;

I Uri Haber-Schaim
Project Director .1 1
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SECTION 1 VISUALIZING THE CUBE

pora2

When we describe a table we are likely to speak
,
of its

height, length, and width. Describing a swimming pool, we speak

of length, width, and depth. We can put a pair.of shoes, a type-

writer, or any other object in a rectangular bOx. The box has a ;).
I. ,

length, a width, and a depth. 'They are called the dimensions of

the box. All objects in ourworld have three dimensions. Yet we

do much of our Communicating on two-dimensional .S.urferCes Such

as a sheet of paper or a television spreen.
...,.. .t 't
1

.
Because if this fact we have two kinds`of problems: how

to visualize a three - dimensional. object from a two - dimensional

drawing, and how to dray..; a three-dimensio' nal objet on alwo-:

It
dimensionN1 surface.-

We shall Begin this course with work on the first of these

problems.. As an introduction we raise some questions about. cubes.

A cube (Figure 1) has six square faces, twelve edges of the same

'length,' anti eight corners.

Figure 1

t.
Chi
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Suppose you were to paint each face of a cube. What "Is the '
smallest ndmber of colors you would need so that no twfaces
having a common edge are painted the same color?

2. Suppose a large die fits snugly into a shipping box. .

(0' In how many differe4 ways can the die be'laced in the
box so that the face with three dots will be showing when
the lid of the box is opened? (Figure 2)

.

Figure 2

(b) In how many ways can the die be placed in the box so
that the face with the three dots will not be showing when-
the lid is opened?

. (c) All together, in how many ways can the die be placed in ,

the box?

3. Consider two lines \drawn on a sheet of paper. If both lines
are perpendicular to a third line, then they must be parallel'

.44 to eabh other. If two line% are perpendicular to a third -line
on a cube, must they also be,paralleLto each other?

Painted on each face of a cube is one of these shapes:
or 0. Three views of tilts cube are.111, 410,. X, ,A,

shown in Figure 3:

S'
t.
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I

(a) (b)

Figure 3

(c)

(a) Use a piece of chalk to draw these shapes on the faces
/

of a wooden cube so that three views of it will correspond to the

three views shown in Figure 3.

(b) On your cube which shape is-opposite (3 ?

(c) Which shape is on the bottom of Figure 3(a)? it

AMI IN
NIIIII

/

4. There are calendars that show the day of the month by using
. , two cubes as inFigure 4. Using both,cubes you can form air

the numbers 01, 02, ... ,.31. How are the numbers painted
on the faces of the two cubes to make such a calendar?

t

/
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SECTION 2 PATTERNS FOR .CUBES'

;154;
'o...li A solid cube and its laces are very different things. A cube
may be heaVy.or light; it makes nb sense to say that a cube has
heavy faces,. Oethe other hand, the' faces of a cube may be rough
or smooth,- but the cube itself is neither. There are ways to help
you visualize how the faces of a cube fit together to form a cube.

4
One good way is to make a cube by cutting out a pattern like the
one in Figure 5 .arid making folds on the 'dashed lines.

1

Figure 5
0

i
1

evi.,

.......j.p.amall...

e

S

The steps for making a cube from this pattern are shown in
Figure 6.

t
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5: Which patterns in Figure 7 can be folded into 4 cube? - t,

,

11111.
td)

a

IIIIMI

I

I

(b)

...

I .%

11,
Figute 7 ,

(e)

I

0, ,

(c)
1.11..

11 ,....

(f) .

6. Each pattern in Figure 8 will-make a cube. If the face labeled
.13 in each pattern becoines the bottom when folded, which face
becomes the top? Label'each of these faces with the letter T.

.. .

s `

, (a)

Figure 8

9

1111
(b)

B.

(d) .

1

s

a

,

.0..... ,

t
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a

7. On a die, when you add the numbers on opposite faces you
always get \seven. Number the faces on the patterns in
Figure 9 so that the, cubes are numbered the same way that
dice are.

IINI1,

(a) 'Figure 9

=111

(b)

8 The pattern in Figure 10(a) can be used to makes box that
will' hold onedie.

) Figure 10 .(131

4

Can the pattern..in Figure.10(b). be us..to flake a box that
will hold two dice?

Figure 11, shows how the-three corners marked 0-on-the,

pattern come together when the.pattern is folded to -make a cube.

,

9

--t

A

12



Your teacher will give yob four,patterns tat make closed
.

three-dimensional objects. Color code the comers of each pattern

so,that the c9'ers that c9me together are co 'bred the same and the'

. corners lhat do not come together are colored differently. Then cut

cut the patterns to check your color cocle.
. t

SECTION 3 UNFOLDING THE CUBE

We saw how some flat patterns could be folded into hollow

cubes. We.can also do the'r erse, That is, by starting with a
hollow cube, we can flatten it out by cutting along some of the

edges and Unfolding it.

Imagine a hollow cube, as n Figure 12, with a stripe run-"

ning over four of the faces. Decide boryou would unfold the cube

so that the stripe is broken in.
(a) four places

(b) two places

(c) one place.

Ow a flat pattern for each. Be sure to mark the stripes on each

pattern. Then %compare your patterns with your classmates'. Check
r

your results by folding the patterns into cUbes.

13
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Two adjacent faces of a cube (that is, two faces Sharing an
edge) are painted red.

(a) Show how yoU can''unfold the cube so that the red faces
remain adjacent on the unfolded pattern.,

(b) Show how you ban unfold the cube so that the red faces
are no longer adjacent on the unfolded pattern.

10. *Three faces of a cube that meet at the same 'corner are Olnted
blue.,

(a)' Can yoiunfold the cube in such a way that the three faces
still meet at a corner?
(b) On the cube, every two of the three blue faces are adja-
cent. Is this also true when you unfold the cube?

1./1 .Figure 13 shows two points on the faces of a cube. Point P
is on oneface near an edge, and point Q is on an adjacent
face near the same edge.,,,.

(a) How would you unfold the cube so that the two points are
aS close as possible on the unfolded pattern?
(b) How would you unfold the cube so that the tw,o,points are
as far apart as possible on the unfolded pattern?

(a) Mark points P and Q on a pattern as in Figure 14(a).
Cut it out so that it. fits over your wooden cube. Wrap the pattern

14'
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around your3 e and tape it together. Now hold the cube so that
you can see points P and Q as in Figute 14(0.

Figure 14

Q

.(b)

Figure 15 shows three paths, 'paths J, K, and L, that con-

nect pointe-P and Q. Use different colors to copy these paths, onto

the pattern covering your cube. Measure each path to find out which

is the shortest.

C2

PATH .1

Figure 15 MIDPOINT OF EDGE

PATH K PATH

P

What do you think the three paths will look like when the

pattern is unfolded? Unfold the Pattern. What do, you notice about

the shortest path when you look at the unfolded pattern?

\
15
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(b) Figure 16 shows mitiMints marked on two facelkof a
4

cube. What is the shortest path between them? Draw an unfolded'do
pattern for thiS cube with the two points and the shortest path

marked on it. Isithe'path unbroken?

(c) Is the path shown in Figure'17 the shortest path over
the fices connecting points P and Q? Use a pattern to help you
find out.

MIDPOINT OF FACE

Figure 17

9

MIDPOINT OF EDGE

(d) Choose two different points on adjacent faces of your

cube. Between these points find the shortest path crossing the edge
common to both faces.

AIM

VII

12. In Figure 18, which is the shortest path over the faces con-
necting P and Q? Mark, points P and Q on your cube and un-
fold the cube sq that the path in Figure 18() is not cut. Again
mark points P arld Q on your cube and unfol3the cube so that
the path in Figure 18(b) is not cut. What do you notice abokit
the two paths? Which path is shorter? Can you find the
shortest path between P and Q?

16



Imagine a planet in the shape of a 'cube. A map of this planet
can be made by building a paper model and unfolding it.

Figure 19 shows one possible shape for such a !hap.. The
points P, .Q, 11, and S stand for cafe's. Use your ruler to find
the distance' on the map between cities .

()

MAIII If we take a three-dimensional object and slice it with a

saw or a knife we see a two-dimensional face that is called a

cross section. You have seen cross sections before for example,
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,
a cross section of an apple, of a loaf of bread, or of the trunk of
a tree (Figure 20). -

'Figure 20 .

What kinds of cross sections does a cube have?

Get together in small working groups, and practice using
the clay cutter. With the cutter make a number of clay cubes about
3 cm on a side. Without cutting the cubes, try to answer the fol-
lowing questions. Then use the cutter and the cubes to check your
answer's.

14,- When you slice a cube parallel to one of its faces, what will
the shape of the cross section be?

15. Show that it is possible to get a square cross section when
. a cube is not cut parallel to one of its faces.

16. Show how you can slice a cube andget a rectangle that is
(a) taller than it is long

(b) longer than it is tall:

J

18

3
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17,:` Each of the cub in Figure 21 is marked with three points.
All of these ants are midpoints of, edges. Suppose you cit ,

...each of the cubes along al,plane'pAssing through the marked
points. What will the cross section look like in each case?

(a)

(d)

Figure 21

(f)

18. Any cross section tiidt you can cut from a tube has the shape
of a polygon. Make a list of the different-shaped cross sec-
tions you get in Question 17. List them by the number of
sides that the polygons have.

19. Choose one f the polygon cross sections and answer the fol-. .
lowing questi s abOut it.

. (a) Is each side f the polygon on one of the fates of the
cube? Why?
(b) Were two sides of the polygontut from the same face?..

,

(c) Compare your answers to parts (a) and (b) with the an-
swers of classmates who chose polygon cross sections that
were different from yours. b

f. d

19 ,

i
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20; -Explain thefact that no cross section of the cube can have
more than six tides.

Suppose you have a block of wood that has rectangular rather
than scluake faces. Will it be possible to cut a cross section
that has more than six sides? Why?

I.

AIN
II MI

,22,. In Figure 22, two dashed' lines are shown. Imagine that you
have cut the cube along 'these lines.

L

(a) What would the shape of thecross section be?
(b) .0n the cross section how big is the angle betWeen the
dashed lines?

4

S.

# 20
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SECTION 1 LENGTH AND AREA 4

...

\.- , .

Suppose you want,to metisure the length of a shoe. You .

have a ruler that hae4ntimeter marks on it but go printed'num-

bers. What would you do? Yoti would line up a.mark on the Akler

with one end of the shoe and count.the number of centimeter marks
, i

there are from this end to the other end of the shoe (Figure 1).
. ,

Figure 1

'NI

*
...

(

Most commerciir rulers h*e their centimeter marks num-
,- 4

---,bered, and so the counting has been done fc5,1r you.. However, if
.

you want to read tenths of a ctimeter you still have to do your

own counting. In any case, measuring length involves *counting

units of length.

11

a i`f

.

1. What is the length of the shoe in Figure I?
(

t

2. You know that an inch is a larger unit of length than a centi-
meter. Would,the length of a shbe given' in inches be a larger
or a smaller number than the same length given irAentstmeters?.

*t.

21

l

e.



A:

2-2

One meter equals 100 centimeters (cm). Express the following
lengths in cm. ,

(a) 2.50 m

(b) m

(c) 0.42 m

(d) 0.668. m

4. Express the lowing lengths-In meters.

(a) 300 cm

(b) 106 cm

(c) 25 cm

(0) 5

(e)' 4.7 cm

p

1

Measuring an area means counting units of area. We use-a,
square that is 1 cm by 1 cm as the unit of,area. ThisUnit is called

a,square centimeter and is written as 1 cm2. For example, in Figure 2

the area of the figure is 7 cm2 ord

Figure 2

1 c mI

111.,

1 c m

c

, 1

When we measure the area of rectangles, we can use "a short,

cut for the counting process. We can imagine a rectangle to be- bro-
,

ken up into rows 1 cm wide and each row broken up into squpres of
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1 cm,by 1 cm. This is illustratkci in Figure 3. There are three rows

44
and each row contains four squares. Each of these squares has an

area of 1 cm2
. Therefore, the area of the rectangle is;

t.

0

Figure 3

3 x 4-x 1 cm2 = 12 cm2

t
The product length times width gives an area in cm2 only if

both length and width are expressed in cm. TO remind us, we write

the units next to the numbers that express the length and the 4dth.
In our example,

In general,

3 cm x 4 cm = 12 cm2

Aret of rectangle cm2) = length (in cm) x width (in cm)

116
5. By counting, find the area in cin2 pf each figure in Figure 4.

o.

1

(a)

Figure 4

..
sa,

23

(b) (c)
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K

6. Calculaterthe areas ip. cm2 of the rectangles whose length
width are given below.

(a) 14 Cam, 6 cm

'(b) 150 cm, 0.3 cm

(c). 2.8 m, 5.5 cm
(d) '25 cm, 1.6

7. A square of 1 rn by 1 m has an area of one square meter (1 m2).
How many cm2ey are 'there in 1 m2? How many m2 are there in
1 cm2 ?

8. Trace the figure shown inFigure 5. Draw two recta s iri
such a way that their areas will bracket the area of the figure.
What can you say about the area of the figure?

SECTION 2 UNITS 'OF. VOLUME

Just as measuring area Involves counting units of area, rhea-,
suring.w.elume involves counting units of volume. A square,of 1 cm

on each side is a c mon unit of area. Similarly, a common unit of

volume is a cube(whose edges are 1 cm:long (Figure 6). This unit
of volume is called a ,cubic' centimeter, which is reviated as cm' 3. t

444

24
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Figure 6

1 qn

cm

,

yl,
,,-

1.

Counting the unit cubes ii the solid shown in Figure 7 tells .1.1s that

its volume is 5 cm3. Q \

4
Figure 7t g

,,

)

Figure 8 shows us an example of a rectangular solid a solid

whose faces are,ictangles. There is a shortCut for finding' the vol

ume of a rectangular solid, and it is similar to the shortcut for find-

ing the area of a rectangle.

ie

V

T
HEIGHT 2 cm

o i0
i

4
a .

Figure 8

it

5 cm

LENGTH

25

t

lr
3 cm WIDTH

iL

x
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,

First welind the number of cubic centimeters in a layer that
, .

is 1 cm high. .'Figure 9- shows one layer of the solid in Figure 8,, and

dIIIIPP%P'..4..../....1../11111'

Figure 9

it is 5 cm lohg and 3 cm wide and 1 cm high'. This layer cont
5 x 3 cubes. The edg.es of each cube are 1 cm long: The vg1ume of

A V
this layer, therefore, is

de.

5 x 3 x 1 cm3 =1.5*tm 3

"Since the solid irpZigure 81s" 2 cm high and each layer is
.

1 cm high, we have two layers. Therefore, the voluthe of the whole

'solid is
3 35x3x2x1cm =30cm/r.

That is, the numbei of cubic centimeters in a 1.".:,Iv...14mmenamoz

et:ilial to the product of the length, the with,and the. height when

each dimension is gi.ven in centimeters.

To remind ourselves of the need to have each dimension

given in.the 'same unit, we write the unit of length, Width, and
- ,

height after the respective numberst

5 cm x3 =Ix 2 cm = 30 cm3

A

2

O

er

.40



I

2-7

The reasoning we used to calculate the volume of theld-
tangulpr solid in Figure 8 can be used for any rectangular solid.

Thus the volume orany' rectangular solid is given by

Volume = length x width x height

Of course,, all three dimensions must be in cm if the volume is to

treln cm3

,

\
\Whit are the volumes of the solLds in Figure 10?

(a)

(b)

Figtkre 10

(d)

I

J"
+I)

.
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10. , Count or use the shortcut to find the volumes of the rectan-
gular solids_in Figure 11.

1:4 2 cm-44

(a)

0.5 cm

Figure 11

(b)

5 cm
2 cm

11. A rectangular box is 1 m long, 2 m wide, and 60 cm high.
What is its volume in cubic centimeters ?

12. Find the volumes of the solids in Figure 12.

Figure 12

8 Cm

(a)

(b)

sr

4

4r
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13. What could be the dimensions (length, width, height) of the
rectangular solids whose volumes are given below?

(a) 12 cm3

(b) 30 cm3

(c) 500 cm3

ANNI UM

14. A cube has a volume of 27 cm3; How long is its edge?

15. The rectangular solid in Figure 13 consists of four equal
cubes. The volume of the solid is 500.cm3.
(a) How long is an edge of one of the cubes?

(3) Find the dimensions of the solid.

Figure 13

SECTION 3 VOLUME AND SURFACE AREA

'The surface area of a solid is the sum of the areas of all its

faces. A rectangular solid has six rectangular faces. Its surface

area is the sum of the areas of these six faces.

Conideethe rectangular solid fflustrated in Figure 14. Its

. volume is

8 cm X 6 cm X 4 cm.= 192 cm3
o
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To find the surface a'ea of the solide note that the front face
has an area of 8 cm x 4 cm. Another face of equal area is hidden
in the back. Added together, the area of the two faces is

2 x (8 cm x 4 cm)

Figure 14

Similarly, the top and the'bottom faces together have an area of

2 X (8 cm x 6 cni)-

and'the-two end faces together have an area, of

2 x (6 cox 4 cm)

Added together, the total surface area is ire

2x (8 cm x 4 cm) + 2 x (8 x 6 cm) + 2 x (6 cm x 4 cm)

= 64 cm2 + 96 cm2 + 48 cm2

= 208 cm2

30
/i

e
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I\ o

a

,

. . 'Explain why only two of the factors in any of the preceding .Eli
products have units. t.

%.

. i.
17. A rectangular solid measures 4 cm by 5'cm by 10 cm., What

is its volume? What is its surface area?

18. A box has a length of 8 cm, a width of 7 cm, a'nd a height of
6 cm.

(a) If the pattern.shown in Figure 15 can be used to build
this box, what must be the measurement of each of the line
segments on the pattern?

Figure 15
is

...

v

(b) How does the surface area of the box compare, with the
area of the pattern that is used to make the box?

19. A pattern for a rectangular box is shown in Figure 16.
,

4

Figure 16
1-

x f

k

6 m cr I
I

141. 10 cn.101 '

(a) ,What are the lengths of the edges marked x and y?

(b) What is the are\ a of the surface of the box.?-

(c) What is its volume?

t

4 .31

0-

a

..

a
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Figure 17 shows a rectangular solid: Suppose that you cut

the solid ,along the plane indicated and rearrange the two halves as

Figure 17

140-- 3 cm-01

shown in either Figure 18(a) or 18(b). Do you think the volume of

the new solid is different from the volume of the old one? Do you

thinkthe new surface area is different from the old one?

Figure 18

(a)'

32

(b)

S

.4
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. Use your clay cutter to make a rectangular solid with the

same dimensions as those in Figure 17. How fnany ways are there

to cut this solid into halves that are each rectangular solids ?
ti

Make at least.two such cuts in the solid that you made,

and then rearrange all the pieces to make different rectangular

solids. How do the volume and the surface area of each of these

solids 'compare with those of the original ?

Which of the rectangular solids has the gemalleSt surface

area? Which has the largest? What do you notice about their di-

mensions?

1 le
'MN Can you clot the-orig-inal_s.olid in other ways to make the

surface area as small as you wish-for example, 10 cm2 ? As large

as you wish-for example, 1000 cm2 ? Explain yOur answer.

SECTION 4 VOLUMES OF RIGHT PRISMS AND RIGHT CYLINDERS.

Let us look again at4a rectangular solid (Figure 19) and at

the formula for its volume:

Volume = length x width x height

The area of one of a pair of opposite faces is the product

length x width

33
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Each of these faces is perpendicular to the height of the solid; that
means each face meets the height at right angles. It is. customary
to call either, of these faces the base of the solid.

,

,

Figure 19

T volume of the rectangular solid can be expressed as

Volume = area of base x height

This formula is actually a shortcut for adding up the volumes of in-
---)

I

,7Thn
.4V

dividual layers that are each of unit height (see Fisure 9) .

1.1 ...

20. The length and the width of a rectangular solid are 4 cm and
3 cm respectively. Its height is,7 cm.
(a) What is the area of the base?.

. _

(b) What is the volume of the solid?
,. .

21. The dimensions of a rectangular solid are 12 cm, 5 cm, and
20 cm.,

e
34
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(a) If you choose theface with the edges. of S cm and 20 cm
as the base, what will be the height of the solid?

Calculate the area .of the base and the volume of'the solid.

(c) Choose another face as the base. Calculate the area of
this base and the volume. Compare your results with -part (b).

We can use the same shortcut for her solids that we can .

think of as being' made up of layers ide cal to each other.

What do some of these solids look like?. Here is a way to

visualize the construction of such a solid. *Start wiV a polygon

region as a base, and then imagine a line segment perpendicular
to the plane of the polygon (see Figure 20). Sup ose that you can

. ,

move-the line segment along the polygon, kee ing if perpendicular
.

to the ba The Other end of thlisegment would then trace out

another p on identical to the base. Such a solid is
/
called a

right prism because the moving segment, which is the height of the

...- prism, meets the base atIsight angles.
0 It

Figure 20

35
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We can also visualize.a solid briearting with a closed
curve in a plane. This is illustrated in Figure 21. T1 resulting
sand is called a right cylinder.

o

S
Figure 21

By looking at Figure 22 (a)`:and (b) we can see that these
solids can be thought of as being made up of identical layers.

(a)
Figure 22

(b)

therefore, w= can find the volume.of a right Priem or a right cylin-

der by adding up the volumes of all the layeis. Since the layers
are identical, we can use the shortcut

Volume = area abase x hel4ht
.

t

a

4
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22. Draw a triangle on a piece of paper. Using your pencil to
represent the perpendicular line -segment, show how you ,
would construct a right prism that has this, triangle as its
base.

.1.2-

23. Which of the solids in Figure 23 are right prisms? Which
solids are righ cylinders?

u

(f)

(g)
(h)"

24. Each square making up the polygqn shown in Figure 24 is
1 cm2'. 4

Figure 24

I I :

14m'

I 1 cm

x 4

(a) W at is the area of the polygon?

(3) If you cover the polygon with one layer of cubes 1 cm onK,
the edge, how many cubes will you need? -;

s

3,

ca

r.
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(c) What is 'the volume of this layer?

(d) ,How does the number of cubic centimeters compare with
the number of square centimeters ?
(e) How would you fir:Nhe volume of a block having the
same base but with a height of 3 cm?

(f) How would you find the voluine if the height is 4.5 c

25. The wedge in Figtire 25(a) has a base area of 48 cm2 and-a
height of 7 cm. The solid in Figure 25(b) has a base area of
67 cm2 and is 19 cm thick. The solid in Figure 25(c) has a
base area of 36 cm2 and a height of 9.5 cm.

Figure 25 (a) A

(a) Identify the solids as right prisms or right cylinders.
(b) For each, name the base and find the volume.

3 L) (
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2.6. Whatt,is the volume Of each solid in Figure 26?---

)--

(a)
,

. A cm
..,

)

r

(d)

Of

3":

4'cm

)

J

0
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Finding the volume' of a right cylinder is easy if we know

the area of the base. When debase has an irregular shape, we
can only bracket the area. Figure 27 shows the bas....of a cylinder.

(a) Figure 27 (b)

placed on a grid of unit squares. Counting the squares entirely
within the base,Figure 27(a), and the squares needed to completely

Cover the base, Figure 27(b),Niwaoetetn bracket the area of the base:
0

4 cm2 < area of base < 18, cm2

The average of the smaller and larger bracketing valus is
usually a gOod approximation of the area of a region. In this case,

011

,45 cm2 + 18 cm2 - cm
2

2 4)-

Multiplying the area of the base (11 cm2) by the het*
(10 w) gives us the approxirhate volume of the cylinder,

.

11 cm2 x 19c.cm = 110 c*

To rerlind yourself of how to improve'the bracketing, ref**

Sections 3 and 4 of chapter 7 of the first year course.

4 s.,
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27. Find the approximate volume of a right cylinder that is 5 cm
high and has the base shoWn in Figure 28.

Figure 28

v

SECTION 5 VOLUMES OF IRREGULAR SOLIDS

ANN
1.1

In the previous section we learned that we can use layers

to help us visualize the volumes of right prisms and right cylinders.

Suppose that you want to find the volume of an irregular

solid such as the lump of day illustrated inyiguie 29. Again, you

Figure 29

1111111111r

can use layers to help you visualize its volume. However, there

is no formula that gives a shortcut for finding that-volume because,

the layers are not all identical.

41 1
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/ By using the clay cutter you Can slice the lump into layers
. .

1 cm thick, as shown in Figure 30. You can see from kigure 30(b)

that each slice has the approximate shape of a right cylinder.

(a) Figure 30

D

(b)

-.,

0 Note that you can use a centimeter grid to bracket the area

of the base, just as you did with a right cylinder. Figure 31 shows
the outline of the base of a slice. Since 4 cm2

< area of base<16 cm2,

the area of the base of the slice is about

1

4 cm2
tf. 16 cm2 '2- 10 -cm
2

Figure 31

4 4.,'

*
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Aid so, because the slice is 1n thick, the approximate volume
of the slice is

10 cm2 x 1 cm = 10 cm 3'

To find the volume of the solid we must find the volume of

each ?emaining slice and then add all the volumes. You can use
this method to calculate the approxiotate volume of any solid so
long as you can find' the area of each of its cross sections.

28, Bernie cut a iuth' of clay into 5 layers. With his centimeter
grid he bracketed the area of each base and found:

Laver Smaller Bracket Larger Bracket Thickness

Layer 1

Layer 2.

Layer 3

Layer 4

Layer 5

14 cm2 33 cm2
1 cm

12 cm2 29 cm2 1 cm
4

9 cm2 '22 cm2
1 cm

7 cm2 21' cm2
1 cm

6 cm 2
19 cm2

r cm

What is a good estimate Ot'tsile volume of this lump of clay?

Make an irregular solid out of clay.- By slicing it into 1 cm
slices, estimate its volume.

SECTION 6 A'' USEFUL PROPERTY OF LIQUIDS
10

Wtter and other liquids have a very useful property. The
volume of a liquid stays the same regardless of the shape of the

43
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container holding the liquid. This means that if we Want to mea-
sure the volume of a liquid we can transfer the liquid into any con-
tainer we choose and then measure its volume. Furthermore, this
allows us to.measure the volume of any container by fi ing it
with water and then measuring the volume of the water.

Usually we measure liquids in a measuring cup or graduated
cylinder (see Figure 32). Each marking along the side of the cup or
the cylinder-indicates the level of a certain volume of liquid.

Figure 32

Volume Estimation Game

Figure 33 illustrates a method for estimating the volume
that 6 container can hbld. First, imagine that it is filled with clay.
Next, in your mind, reshape the clay to form a rectangular solid
and estimate the dimensions of this solid. Finally, find the approx.-
imate volume by multiplying the dimensions together. .1

To check an estimate, fill the container with water and mea-
sure the volume of the water with a graduated cylinder.or a metric
measuring cup. a
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t,

MULTIPLY

ESTIMATE

3 crn
10.5 cm )c 5 cm

I

Figure 33 3 cm

Get together in small grckups.

5 cm a I Sem'
X 0.5 cm

7.5 cm3

or about It C M I

Your teacher will show you a number of common household

containers that'can hold water for example, &teaspoon, a teacup,

an ice-cream scoop, a coffee can, a soup can, a paper cup, a cake
r r .

pan, and so on.

Use the method shown in Figure 33 to estimate the volume

of water that each container can hold. Then for each container,

average the estimates in your group.

Next, use water to measure the volume-that each container
. ,

holds. Use a commercially available graduated cylinder or metric

cup measure to measure the actual volume. (If-you don't have either

measuring device, you can make one by'marking off leyels 00-re-

sponding to known amounts of water like 25 cm3, 50 cm3, 75 cm3,

and so on.)

The group with the smallest total error is the winning group,.

f
45
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29, If you look closely at the markings on a graduated cylinder,
you will notice that they are equally, spaced. Since it getg-
wider near the top, the measuring cup shown in Figure 34 is
not cylinder shaped. Must the markings be closer together
or farther apart near the top?

/

Figure 34

R

30. A certain measuring container holds a maximum of 250 cm3 of
I water., A larger container is full of water. This water fills

1the measuring container exactly 2
2

limes. What is the vol-
ume ofwater that the larger container holds?

31.. A measuring cup has s-Ome-iislaTaTh-Fit-,-a-nd the level reads
175 cm3. A marble is dropped into the water and the level'
rises to the 181 cm3mark. What is the volume of the marble?

. .32. A 1-pound coffee can holds 1000 cm 3 of water. Suppose wetake a certain-sized paper cup and discover that eight paper
cups full of water exactly fill the coffee can. How much

. water does the paper. cup hold?

33. The water from 18 identical paper cups fills 4 identical soup
cans. .

(aY,How many paper cups hold just as much water as one
soup can holds? ..

c

1
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(b) What Is the ratio of the volume of one soup can to the
volume of one paper cup?

)
341;\ (a) What is the ratio of the volume of one tablespoon to the

volume of one teaspoon?

(b) If 48 teas/Coons of water fill a cup, how many tablespoons
will fill a cuR?

4

(
35. Four' soup cans hold the same amount of water as one large

glass. Three of those glasses hold, as much water as one
mixing bowl. How many soup cans full of Water would fill
the mixing bowl?

AINI
II IIIII
'Imo

36. How many glasses hold the same volum9 of water as two bowls?
(See Figure 35.)

)

.

-.,
4 1 0

J

I
(
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SECTION 7 LITERS AND CUBIC METERS

Whrdo people use different units of length such as centi-

meters; meters, and kilometers rather than just. one unit? The ma-.,

son Is that we all prefer to use numbers larger than one and smaller

than, say, on,e thousand. This is why we find it convenient to de-

scribe the length of a pencil in centimeters, the length of 4 room in

/meters, and the distance between two cities in kilometers.

When rtou are concerned with describing a eas, it ikponve-

nient to, use square centimeters for the area of -a postcard, square

meters for the area of a room, and square kilometers for the area of

a city.

11.1

37. (a) How many meters are in 1 km?

(b) How many cdrarie s are in 1 km?

(c) 2.5 km equals how many meters? How many cm?

(d) 1.8 cm equals how many meters? How many km?

38. (a) How many square centimeters are in 1 m2?

(b) What is the area of your classroom in m2? rn-Rcm2?
.

39. (a) A chalkboard is 2.40 in long and 1.20 m high. What is
its area in m2? In cm2?

(b) In which unit do you prefr to give the area of the chalk-
bOard?

P.411)2
YI"'

411 .is you already know, 1 m2 equals 10,000 cm2. Areas of a

few thousand cm2 can be conveniently expressed in either cm2 or

/
4 .3

r

r
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m2. And so there is no need for a unit between cm2 and m2. How-
,

ever, the situation is different when we work with volumes.

A cube that is 1 m on the edge is 1 cybtc meter (1 m3) and
has a volume of 100 cm x 100 cm X 104a,cm = 1,000,-000 cm3. A

cubic meter is too big a unit to express the volume of many house-
.

hold containers sudh as pots and thickets. On the other, hand, a
cubic centimeter is too small a unit. Therefore, we use a unit of
volume between two: namely, the volume of a cube 10 cm on the
edge. This unit is celled a liter, an.c1 it is abbreviated as

- 1 Q = cm x 10 cm x 10 cm = 1,000 cm3

A liter is a little larger than a quart. If you know how large
a quart is, you can visualize how large a liter is.

The liter is so widely used, particularly for liquid, that
1 cm3 is often referred to as 0.001 liter and is written as 1 ml
(1 milliliter) .

4'

440. kbox has dimensions of 75 c , 80 cm, and 50 cm.
(a) Find the volume of the. box in cm3, and m3;
(b) Which description of the voltime is the most convenient?

41. Suppose that you cut 1 m3 up into cubet 1 cmon a side.
Next, you stack the cubes into a tower that ha'sa square
ba-se of 10 cm on a side.

(a) How tall would the tower be?

")(b) Would this tower fit into your classroom?

49
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(c) Would this tower be shorter or taller than your school?
(d) Could you rearrange this tower so that t, fit into

, your classroom?

42. A certain kind of tent comes with a set of metal poles that
fit together to form a skeleton, illustrated in Figure 364(a) ,

and with-a large piece of canvqlto go over the skeletdn.
When the canvas is laid flat, rooks like the. pattern shown
in Rigure 36(b). The tent, when assembied;-measures 175cm
long, 130 cm wide, 1'30 cm tall,to the highest point, 65 cm
tall at the sides, and g2 cm along the slant of the roof.
See Figure 36(a):

r. 92 cm

Figure 36

1759 cM \
130 cm

HD-- 130 cny--7-61

(a)

2

'0 0

...,

6 . , _._

(a) What-is the total lertgth of a idles?
What are the dimensiOns.o thellYn'vAs 'pattern?

(c) What is the total surface ar of thekcanvAs?

(d) How big is the voliune of the t when it is assemble
,

urchase a.tent-that has
why it Woad be useful.
arts (a) through (d)..

;(e) Suppose that you were unable t
these dimensions and vo Expla
to know the information obta ecl'fro

r-
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43. A paint company sells paint in 4-liter (1-gallon)'CPIls The
company claims that this paint will cover 37 square meters
of wall (400 square feet).- How thick (on the average) will
the paint be if it covers much surface as advertised?

44. The New England Aqu'arium publicizes that it has aquariums
totaling 2 million' liters ofijopter.

(a) How many cubic meters ot water is that?

(b) Almost all of this water is in one cylinder-shaped tank'
that has a base area of 125 m2. How tallis that tank?

45. The largest building in the world is the Boeing Jumbo Jet
assembly building in Everett, Washington. It has a volume
of 5,820,000 m3. How many liters of air does the building
hold-?

46. The Great Wall of China is 2400 kin long and averages 7.6 m
in height and 6.0 m in width. Estimate its volume.

N

t
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SECTION 1 LARGE NUMBERS

We saw in Chapter 2 that calculating volumes often involves

large numbers. Large numbers also occqr when we work with areas

of states, populations of countries,' budgets of cities, and'many
other topics. For example, the area of California is approximately

400,000 km2, the populition of India is about 600 million persons,

and the amount oWoney New York City spent in 1973 was $10 billion.

Note that when we write such large numbers we often use

terms like "approximately" or "about." We do this for one of two

reasons. In many cases ariappnnciMate value is all we are inter-

ested in, and in other cases the exact value is not known.

When we have a-number in.the billions, we may be interest-

ed only Jr? the billions: Therefore, in writing the number, we prefer

to use the label "billion" rather than to write out all nine zeros as

place holders. In tables we often see "in thousands of km2" or "in

millions of dollars" printed at the head of a column. This is also
4

done so that we do not have to write out zeros or othtr digits-as

place hold ?rs.

52
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1. On adaghway there is a sign that reads "Entering'Mathville,
pop. 13,871."

(a) How accurate do you think this number can be?

(b) How would you express this number in a way that would
indicate that you know it only approximately?

2. Do you think anybody knows the present population of India -

to the nearest million? Nearest thousand?

3. Colorado is a mountainous stateiwith an area of 269,000 km2.
(a) Row accurate do you think this number is?
(b) How would.you write this number so that its lack of accu-

Jacy is recognized?
ro.

4. The population of the United States is about 200,000,000.
(a) Write this number using the label "million.

(b) Write it using the label "thousand.".

------- ,

5. 'Using the following labels', rename the number 3,600,000.
'(a) thouiand.

,

(b) hundred thousand ,
(c) million I. \

\-.
6. AboUt 2,300,000 copies of the magazine Sports Illustrated

are sold each week. How many millions of copies is that?
How many, thousands? Do you think that the same exact
number df copies is sold each week? , 7-- ,

7. When the Hoover Dam was constructed, a lake was made that
contains 36,700,000,000 m3 of water.
(a) How accurate can this number'be4

(b) How ,many km3' of'water are contained in the lake?

53

413

,e7



3-3
Ma.

8. Use Table 1 to aniwer,t1Te following cuestiOns.

(a) How many chickens were raised in Rhode Island in 1972?
How many eggs were produced that year?

(b)' Which is larger, the number of eggs produced R ode
Island in 1 2 or the number of chickens raised in Mai e dur-
ing the e year?

(c) The number of chickgnk raised ifi Pennsylvania in 1972'..
was 13.3 million. Compare this number to the total numb.F.---
of -chickens raised in New England during that year".

(d) Approximately how many more eggs were produced in New
Hampshire, in 1972 than in 1971?

,

TABLE 1: Eggs and Chicken Production in New England States,
'1.971 and 1972

State
Eggs probdUced

(in millions)
Chickens raised

(in tkiousands)
1971 1972 1971 192-2

Conn4%ecticut 830, 9V 3,620 3,32.0

Maine 1,368 1,402 5,423 5,886

Massachusetts 513 . 535 1,959 2,2013

NeW Hampshire 312 313 1'230 1,255

Rhode Island , 70 , 57 245 1,60

Vermont 96 , 114 469 479\

..' otal 3,189 N),345 , 12,946 le 13,300

Source: Adapted from a table that appeared in.U.S. Depart-
ment of Commerce, Statistical Abstract of the United
States: 1973. (94th EditionVArashingtbn, D.C.,
1973.

54
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9. Table 2 shows the approximate areas of _several states in the
U. S .A.

TABLE 2

State
.../

Area
(in thousands of km2)

,
Iowa 14 5

IS

Alaska 1450

Maryl d 2 6

C necticut 13

Michigan 147

Arizona 294

Rhode Island 3
f

Colorado 269

(a) What is the area of Rhode Island in km2?
(b). What it the difference between the area of Arizona and
the rea of Michigan?

tO") By how much is Alaska larger than Iowa ?

SECTION 2 '- VISUALIZING LARGE NUMBERS

ri

Suppose that you could earn ten dollars an hour and that STOU 4

worked for 10 hours a day, 300 dPys a year. "I-low long-would it take
you to earn one million dollars ? Working 300 days a year for10 hours
a day you would work

M1

3 hundred x ten = 3 thousand hours

Your annual earnings would be

3 thousand x ten = 30 thousand dollars

55
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Therere, it` would take more than 30 years to earn one million dollars.
r
How king would it take to earn one billion dollars? Since

1 billion 1 thousand x 1 million

it would take one thousand timel as long, or over 30 thousand years

to eai one billion dollars!

Large numbers such as 1 billion or even 1 Ninon are diffi-

cult to imagine. A good way to help us visualize such large num-
,.

bers is to think of them as products of smaller numbers with which

we are more familiar.

You can user le 3 to help yolk calculate some products

that lead to large numbers.

TABLE 3

x
.

Ones Tens Hundreds Thousands

,.
Ten

Thousands

Ones
s

ones tens hund?eds thousands ten
,thousands

Tens tens hundreds thousands ten
thousands'

hundred
thousands

Hundreds hundreds thousands ten
thousands

/ hundred
thousands millions

Thousands thousands ten
thousands

hundred
thousands millions ten

millions

eT.i; 'IL----tei
-T ousancis thousands

hundred
thousands millions ten

millions
hundred
millions

56

S

I
k



I

e

11

3-6(

10. Each square in the grid shown in Figure 1 contains one dot
and is 1 cmon a side. Suppose that this grid extended 10 m
across and la m vertically. What would be the total number
of dots in the grid?

Figure 1

ri

Al

11. Suppose that you walked 5 km in one hour for 10 hours,a day,
300 days a year for 10 years. .
(a) What distance would you have covered?

(b) Hgw many times around the equator:is this?
(The equator is about 40,000 km long.)

12. The distance from the earth to the moon is bout 'four hundred
thousand km. To visualize this distance yo might think of
it as. the following product:

Distance earth to moon=
e

(di stan ce New York to Detroit)3( (number of trips)
.

The distance frOm NewYork to Detroit is about one thousand km.
How many trips would you have to make between New York and
Detroit to cover a distance equal to the distance between the
earth and the moon?

r
57
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13. paper manufacturer produces 45 billion sheets of paper
year. The sheets are packed in cartons that contain 5 thou-
sand sheets each. The cartons are shipped on 300 working
days.

(a) HO many cartons does he ship a year?
(b) How many cartons make up an average day's shipment?

(c) Write the number of 'sheets produced in a year as the
product of thenumber of sheets in one carton, the number
of cartons in an average shipthent, and the number of work-
ing days in one year.

14. If $100 billion were evenly distributed among 200 million
people, howmuch would each person receive?

15. Suppose that ylu have enough cubic-centimeter blocks to
build one large cube whose volume is one.cubic meter. To
put each block in,place takes you only one second.
(a) If you work nonstop for ten hours, how many blocks will
you have put in place?

(b) Do you think that by working around-the-clock (without
stopping to eat or sleep) you could finish building the cubic-
meter block in five days? About how many days do you think
it would actually take?

How goOd are you at guessing how big a number is? Make
a chart like the following and p.ut a checkmark in the colunin that

you think gets you "in the right ballpark" for each row. Wher6-

possible, think of the number that you are estimating as a product

of more familiar quantities. You may use almanacs, e.ncyclodias,
or other sources to resolve disagreements.

55
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LARGE QUANTITIES

u)

a)
E-,

u)

a )

z

.0
ru
u)

0
g

1:5

( 1 3

0 u)
E-I 0

E-

iz5 0
.1...... ( a

- )

0
M .0

E-

u) .

0
,..1
..-4

u)

g o
(..1 rI

5

0 u)0i. o
.--4

5

Distance in km across U.S.
from Atlantic to Pacific . \.
Number of cars manufac-
tured in the U.S. last year

.

Population of the
U.S.S.R.

Number of leai/es on an av-
erage-sized tree in summer

,

Number of stories in the
world's tallest building

) 1

5

.

, e
Distance in km froth the
from the earth to the sin

Numberof high schools
in the U.S. .

.

......,,_
Number of stars in the sky
visible to the unaided eye

Population of
New York City -

.

SECTION 3 APPROXIMATING PRODUCTS CA WHOLE NUMBET6

You should be able to calculate simple, products such as
30 x 200 without using paper and pencil. A good way to do this is
to do the multiplication in fOur steps.

5)
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4

Step 1.. Rename the numbers by using word labels
'so that each number is one digit times a
label. The product 30 x 200 becomeS
3 tens x 2 hundreds.

Step 2. Multiply the twQ. digits, x 2 = 6.

Step 3. Multiply the values represented by the
word labels, tens x hundreds = thousands.

-e

Step 4. Put everything together:
3 tens x 2 hundreds = 6 thousands.

The reason for using word labels in renaming numbers is to

make it easier to do the multiplication mentally.
t

is easier to re-
v-

41,

merriber that tens x hundreds = thousand's than to count zeros in your'

head.

(
You can use Table 3 to find products such as 'tens x hundreds.

However, the better you are at remembering the table, the more

quickly you will be able to do such probleins in your head.

Y

16. Calculate the following products. (Try to do it mentally.)

2 'tens x 3 tens

2 tens x 3 hundreds

4 ones )< 2 hundreds

4 tens x 5 thousands

(e) 6 hundreds x 5 hundreds

60
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17'. Calculate the following products. using paper and
pencil .

(a) 40 x 20

(b) 20x 50

(c) '200 x 40

(d) 6000,x 100

(e) 3000 x 3000

Calculators are very handy for finding multidigit products.
.

However, one wrong punch of the key can produce a completely un-
reasonable answer. To see if the answer is reasonable you do not
need to redo the. calculation. You can simply approximate the prod-
uct and compare the calculator's answerwith the a 'pproximation.

Suppose that you multiply 238 by 34 on a calculator (or by
longhand on piper) and you read off 1292 as the answer. Can this
be correct? To check your answer you round off 23.8 to 00 and 34
to 30. Multiplying 200 x 30-mentally gives you

200x 30 = 2 hundreds x 3 tens = 6 thousands

Clearly 238 x 34 cannot. possibly equal 1292. An error must have
been macN in entering- the numbers in, the calculator.

Of course, small'errors cannot be detected by this method.
But as we said at the beginning of this chapter, approximate an-
swers are often sufficient when dealing with large numbers.

61
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0

18. Round off each f -the following numbers to one nonzero digit
and the correct place val*e.

(a) 8,324

(b) 3

(c) 58

(d) 256,000

(e) 76,120

(f) 985

19, Approximate the following products. (Try "to do it in your fiead.)

__....../`..

A,

(a) 46 x 22 .,
(b) 225x 67 ,
(c) 6,400 x 25

(d) 2,300 x 975
.,0

(e) 52,000 X 3,,600
.1.

20. Without doing the calculations, determine which of the follow-

1

ing results are c finitely wrong. Why?

(a) 52 X 37 =.6 426

(b) 14--x 78 = 192, °

(c) 6,400 x 860 =,5,504,000

(d) 450 x 320 = 14,400

(e) 75,000x 3,300= 247,500,000

' 62
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-SECTION 4 EXPONENTIAL NOTATION

Lo 61; backat Table 3. Note that in the "tens" column the

values follow a distinct pattern: The value of a given entry is ten

times the value of the entry above it. Writing 'digits instead of

words, -we have

100 = 10 x 10

1,000 = 10 x 100 = 10 x 10 x ro

. 113 , 00 0 = 10 x 1,000 = 10x 10 x 10X 10
. . .

Any number appearing as part of a product is called a factor.

In the product 10 x 10 the number 10 is a factor twice. For prbducts

such as 10 x 10 where a factor is repeated, we often use a shorthand
notation. We write 10 x 10 as 102. The raised 2 to the right of the

10 is called an exponent or a power, and it tells us how many times

the 10 is-to be used as a factor. When a product- is written using

exponents we say that it is written in ex_ponential notation.

Thp "lumbers. in the sequence

10 100 1,000 10,000 100,000 1,000,"000

can be expressed as products with 10 as the repeated factor and can,

.therefore, be written in exponential notation as

10' 1'02 103 104 105' 106 \
tl. alit

(We can write 10 as 101 because we can think o 10 as a product,

10 x 1, where 10 appears as a factor once; but, we have no,need` to

write 10 this way.)

63
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The written symbol 104 is readi.as "ten to the fourth." This

is really short for ",ten to the fourthiPower." 1'09 is read

es "ten to the'ninth." The neither 102 is read either as "ten tothe
second" or as "ten squared."

42]
21. In exponential notation write the number of cubic centimeters

in

(a) one cubic meter

(b) one liter

22. The area of Canada is about 107 km2. Write this n.itniVe1 in
words.

23., In 197 there were about one hundred million automobiles reg-
istered in the United States.

(a) Write this number by using zeros.

(b) Write it in exponential form.
9

24. Which is larger?

(a) ten thou rid or 105?

64

7- (b) 1,000,000 r 104?

(c) 1010 or i billion?
1."

. . ..-

25. How many thousands are in,104?

-..-
1.9 IV-4 i

b4. A We saw how by using exponents we can write powers of ten

in a compact way. We can also dxtend this shorthand to numbers

that are not powers of ten. For example, the distance from the

I .
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earth to the sun is 156,000,000 km" Since

$ 150,000,000 = 1.5 x 100,000,000

we can write 150,000,000 'km as 1.5,x 108.

'Any,,large number-can be broken up into a product of a smaller .

number and a power of The smaller number is called the coeffi-
cient of the poweeof ten. In 1.5 x'108 the coefficient is 1.5 and
108 is the power of ten.

There isa general procedure for finding the correct power of
ten for any-given number and coefficient. Su se that you wish to
write 3,250 as 3.25 times _a power of ten, or

'3,s250 = 3.25 x 10

What exponent should be placed in the box? The exponent tells us

how many times we multiply 3.25 by 10. The result of multiplying

by 10 once is that t decimal point is moved to the right one place:-

3:25x 10 = 32.5

Two multiplications by a factor of 10 move the decimal point two

'plates to the right:

3.25 xrk02 = 32'5r
Here the decimalpoint is not written but is implied. Multiplying by

another factor of 10 requires the use of zero as a place holder. Again,
the decimal point is after the zero:

3.25 x 103 = 3,250410

This is 'the answer we are lookIng for. Therefore, the.dorrect eXpO-
.

-nent is 3.

_of

(
65
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We can summarize this procedure as follows. When you wish

to write a number in exponential notation with a given coefficient,

count the number of times you must move the decithal point to the

right to change the coefficient into the, number that_you started

The exponent is the number of times the decimal moves' to the 'right.

Here are two additional 'examples.

36 0000 = 3 6x10

Here we have to move the decimal point 5 times. Therefore, =. 5.

2500004= 250x 10

In this example we move the decimal point 3 times. Therefore, =

There are many ways to rite a large number in exponential

notation:

or
150,000,000 =1.5x 108

150,000,000 = 15x 107
or

150,000,000 = 150 x 106

and so on. You can alWays.choose the coefficient when writing a

number in exponential notation and'tifen find the correct power of

ten that goes with it.

171

26. Fill in the box with the correcf exponent.

(a) 250,000 = 25 x 10 0
-. (b) 8,200,000 = 82 x 10

(c) 12,500,000,= 125 x 100

-A) 66

3.
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27. Fill in the box with the correct exponent.
(a) 3,600 = 3.6x100 0 /(b) 420,000 = 4.2 X,10

(c) 1'4000,000 = 1.8 X 100
(d) 890,000,000,000 = 8.9 x 10

28. Fill in the box with the correct exponent.
(a) 1,256 = 1.256 x 100
(b) 80,000 = 0.8x 100
(c) 250,000,000 = 25x 10
(d) 250,000,000 =2.5x 100

29. Write these numbers by--14-64-ng--zeros.

(a) 5x106
(b) 16 x 102

ict, 3V

(c) 5.6 x 104

(d) 4.55 x 105

-(e) 8.6 x 109

4

ir

SECTION 5 SIGNIFICANT DIGITS AND STANDARD NOTATION

You know from your work with ,decimals that 2 = 2.00,
53.6 = 53.60, 62.1 = 62.1000, and so on.. In short, you can write

oge
as many zeros as'you wish after the last dfliftt on the'right-hand
side of the decimal point without changing the value of the number

1

I-

rV 6
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Since these zeros have no purpose when we deal With abstract-num.,

bdrs, we usuaTLy do not write them.
41I

The situation is different with humbers that communicate

results of measurements. A length reported as 87 cm tells us that

the reporter knows thylength.only to the nearest centimeter. Had

Om reported it as 87cf), it would mean that she kndw the length to

the nearest tenth of a centimeter. Similarly, if you make a rough

estimate of the capacity of a bottle to the nearest tenth of a liter,

you, might report it as, say,~ 1.2 .1,..N)A careful measurement mic ht

show that tir ca city is 1.205 . However, if the more careful

measurement shows that the capacity is 172-.1 to the nearest thou-

sandth of a liter, then the correct vay of reporting if is 1.200 /.

14

, .

If tide measurement is sufficiently precise;, it li,generally

an accepted convention to write a zero even after the last digit be-

yond the decimal point. This tells the reader that the digit at that
place is known to be zero.

30.

v,.

in the differe between '..2 cm and 28.20 cm.

Suppose you measured the width of a card to the nearest tenth
of a centimeter. Which of the following would be a correct
statement of your results?

(a) 6 cm

(b) 6.0 cm

'(c) 6.00 cm.

r
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32. 'Whiqh of the following statements report measurements o the'nearest tenth of a meter?
(a) 87.40 m

(b)

,(c) .7 57.2 m

, Ad) 430 m

(e) 2.0 m

pro2
r)1,4

Within the convention we just described, a zero in a number
such as 3.80 m tells us that we kt4ow the number to-thelnearest
dredth of a meter.

'The situation is quite different in a number like 120 cm2
Here the zero may mean that the number is known to the nearest
square centimeter: that it is indeed 120 cm? and not, say, 12.2 cm2..
On the other hand, the zero may only indicate the place of the de-ci-\mal point. In other words, its only purpose is to show that the num-.
ber is known only to the nearest ten square centimeters.

,In the first case, we say that the zero is significant; it
means what it says just a$ any.other digit does. Nonzero digits are
always significant; they always mean what they say.

The situation is more ambiguous for a number such as 35,000.
Are all these zeros significant? Only the first tWo, or perhaps none?
It is clearly necessary to have a notation that removes this amblogu-

.
.1W. Such a notation exists and is)called standard notation.

1-7
69
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Standarcinotation is a special case of exponential notation in
which the ,coefficient has one nonzero' digit to the left of the decdmal
point. For example, the number 380,000 Can be written in standard
notation as 3.8 X \105, or 3.80 x 105, or 3.800 x 105 dependin
hoy, many, digits are significant. Note that 380,000 can also be
written as 380 x 103. However, this form of exponential notation
does pot remove theambigufty.

33. In each of the following numbers none of the zeros is signifi-
cant. Write each .number Lri standard notation.
(a) 5,000,000
(b) 700,000

(c) 8:-500,060
. (d) v, 650, 000

(e) l How many significant digits are ese in each of the num-
bers in parts (a)-(d)?

34. How would'you write one billion in standard notation.if only
one digit 'is sigALificant?

'Pi ,

35. In each of the following numbers only one wro is significant.
Write each number In standard notation.

((a)
b)

(c)

(d) 7, 00-
(e) 20

6.10,000

47,006

150,000
V.

70
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36. Each of the following numbers has three significant digits.
ite each number in .taridarlir otation.

(a) 200,000,000

(b) 51, 0004000

(c) . 30,600
4

(d) 5a7,000

(e) 81,000;000

37. Write each of .the following numbers in standard notation to
show how many significant digits each of them lies.
(a) 3,690 km (measured to the nearest km)
(b) 14,000 m (measured to the nearest hundred m)

(c) 130,000,000 km (reported to the nearest minion km)
.(d) $11,.000,000,000 (reported to the nearest billion dollars!

38. The distanceletween two cities is given as 2.5 x 103 km.
Express this distance In meters. Has the number of signifi-
cant digits changed?

.0*;

39. In the number 1.40 x 106, the "1" is in the millions place,
the "4" is in the hundred thousands place, and the "0" is in
the ten thousands place. Identify the place value of every
digit in each of the following numbers.

(a) '3.50 x 103

(b) 4.06 x 108

(c) 9.015x 106

40. If the population of a state is correctly written as 1. x 108,
you know that it is precise to the nearest ten thousand per-
sons. How ptecise are the folltirig °data?

la) The population 6f.the People's Republic of China in 1970.
was. 7.6d x 108.7

r. '71
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(b) 9.66 x 106 passenger cars were produced in theUnited
Stares in 1973.

(c) In 1974 there were 1.625 x 107 head of cattle in th'e State
of Texas.

(d) In the 1972 presidential election, 7.8 x 107 people voted.
(e) In 1973 the Los Angeles Times printed 1.0 x 106 news=
papers daily.

41. Turn back' to. Question 3 of this chapter. To how.many sig-
nificant digits do you think the areaof Colorado is given?
Use standard notation to express the area of Colorado'.

42. ,Referring to Question 7 of this chapter, write in Standard no-
tation the number of m3 and the number of kin?" in the lake
tnade by the Hoover'Dam. The number given has three sig-o.
nificant.digits.

F
43. According to the 1974 edition of the Guinness Book of World

Records, the largest recorded number of consecutkve sit-ups
done orva hard surface without feet held-down is 5,222.
These were done by an eight-year-old boy in Idaho Falls in
1972.

(a) How many Significant digits are indicated in this record
number of sit-sips?

(b) Is there any advantage.to writing khiS number in standard
notation?

SECTION 6 MULTIPLYING AND DIVIDING AMBERS. IN
EXPONENTIAL NOTATION

priardi
7,..1111.

Light travels 3 x 108 m in one second. How fa does it travel
. A

in two seconds? To answer this question we multiply 3 x 108 by 2.
The'prodUct.2 x (3 x 108) m actually consists of two multiplications.

it

72 ,
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Since it does not matter which of the two multiplications we do first
we have

2 x (3 x 108) tn= (2 x 3) x 108 m = 6`X 108 m

How far does light travel in one year or in about 3 x 107 sec-
onds? Here we multiply 3 x 198 by 3 x 107. Again, we can rearrange
the factors in the product.

(3 x 107) x (3 x 108) m = (3 x 3) x (107 x 108) m

Multiplying the coefficientbs gives us 3 x 3 = 9.
to multiply 107 by 108 let us write out the factors of 10.
107 x 108 becomes

10 7
108

See how

The product

1

10 x10 x 10. xi0 x 10 x 10 x 10 x 10 x 10 x 10 x 10 x lax 10 x,i0 x10

1015

0
ince in the product, 10 is a 'factor 7+8 times. we can write,.

,.

10? X 106 =.107+8 = (:)15

Putting everything together we have

(3 X 10 7 ) X (3 X 10 8) m= (3x 3) X 10 7 X 108) m= 9 X 1015 m

What we did in th is example can be done with any two numkers in

exponential notation. To find their product we multiply their coeffi-,
ci.ents and multiply the powers of ten. The exponent of a product of
powers of ten equals the sum of their i.ndividual exponents.

. 73
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Here is another example:

(----
(8 x loci) x (3.x los)' = 24 x109)

4.4. Multiply:

(a) 102 x 10.6

(b) 103 x 103

(c) 103 X'106

a

45. Multiply:

(a) 5 x (17 x 104)

b) 4 x (56.1 x 104)

(c) (2 x 104) x (3 x 10,2)

(d) (4.8 x 102) x (6 x 106)

(e) (v.95 X 104) x (7.2 x105)

(f) (5.82 x 103) x 102

-

I

An%

46. Write he following numbers in standard notation by changing
the coefficient,to standard notation and multiplying the powers
of en..

Example: 426 x 104 = 4.26 x 102 x 104 = 4.26-x105

(a) 733 x 103

(b) 80.5 x 106

(c) 520.1 x 106

0

47. Calculate the following products and write the answers in`
standard notation.

_
(a) (2 X 104) x (6 X:108),x (9 x' loll)

(b) (3 .5 X,10A6),x (0..6 X 108) X (2.0 x 1017)

(Cr\ CS X107) X (35 X-1019) X (4 x 108),

74

0
.11
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Suppose we want to divide 105 by 102. Just as with multi -

plication of powers of ten we start by writing out the factors of ten.

05 10 x 10 x 10 x 10 x 10
- 10 x x 10 = 103102 10 x 10

Note that the expOnent 3 in the answer is the difference of the expo-
nents 5 and 2 in the quotient., Let us look at another example:

106 10 x 10 x 10 x 10 x 10 x 10
= 10 x 10 = 102

1171 10 x 10 x 10 x 10

These examples suggest that the exponent of a quotient of

powers of ten equals the difference of the exponent of the numerator

and the exponent of the denominator.

We can generally use this property when dividing numbers

in expOnential notation.

Consider, for example, 8 x 105 divided by 2 x 102:

8 x05 8 105 4 x 103V 2 x.102 2 102

Therefore, to diiiide numbers in exponential notation we find

the quotient of the coefficients and the quotient of the powers of ten.
The answer is the-product of the resulting coefficient and power of

ten.

48. bivide:
°

(a) 109 + 106
. ,

(b)
05

10

75

(

110

4
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C

(c) 1074- 106

108
(d)

104

/
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49. Write,the following numbers in standard notation.
.

Example: 0.6 x 105 = 0.6 x 10 x 104 = 6 x 104

(a) 0.8 x 106

(b) 0.05"x 108

(c) 0.32 x 102

f

..-

50. Divide and write the answers in standard notation._

(a)
4 x 108

e

2 x105

(b) (4.75,x-107) ÷ (2 .5 x 103)

(c) (6.21x104) i (3 x 102)

(d)
3 x 106

1. 5 x 10,

(e)
4.536 x 108

8.1 x 105

51: ,What is

G

+.,
r

(a)

(b)

(c)

1 of (7.56 x 1010)?
2

1 of (6.32 x 105)?
4

,

of (32.5 x 105) ? ,

.0,

V

V
7c k,

6

lb.
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52. Evaluate the following expressions.

(4.2 x 103) x (5 x 1010)
3 x 108

(8 x 105) x (2.5 x 108)
16 x 108

(a)

(b)

(c)
(3.12 x 105) x (4.1 x 103)

4 X 102

53. What errors were de in calculating the following'products?

(a) (2x 103) x (3 x105) = 6 x 1015

(b) 2 x (8 x 103) = 16 x 106

(a) (3.1 x 108) x ('2x106)= 6.2 x 1(21

54'; What errors were made in calculating the following quotients?

(a) (8 x .101°) ÷ (4 x 105) = 4 x 102

(b) (45*x 105) + (5 x 103) = 9 x 108

(c)(32.4 x 108).÷ x 8.1 X 104

SECTION 7 SIGNIFICANT DIGITS _IN PRODUCTS
QUOTIENTS

Consider a rectangle of 4.7,m by 5.68 m. In this rectangle

the lehgthLs known to.two sig,nificantdigits whereas the width is
4

known to three significant digits. How many significant digits

should b@ reported for the area? Specifically, how many signifidant

digits are there in the product*.7,2< 5.68?

77'
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.
,Consider another question, this one involving division. The

distance from the earth to the sun is 1.49 x 1011m; light travels

3.00 x 108 m in one second (sec). How long does it take light from

the surf to reach the earth? To answer the problem we calculate the..
..,

11quotient Tv71.49 x 10--g(
Here the distance from the earth to the sun

10
1

and-the distance light travels in one second are given to three sig-
nificant digits. To how many significant digits should we carry out
the division?

''....t.,_,
No calculations can produce results that are more accurate

than the data used in the calculations. For multiplication and divi-
sion, it is, good to remember a simple rule of thumb: The number of

significant digits in the product or the quotient of two numbers is
not more than the number of'significant digits in the less accurate
of the two numbers./

,
, The less accurate number_in the first question has onlytwo

q

significant digits. Therefore, the result should be reported to only

two significnt digits. That is, thearea of the rectangle is 27 m2
instead of 26..696 m2.

In the second question both numbers are given to three sig-
<-

nificant digits. Therefore, the time it takes sunlight to reach the
earth is 4.97 x 102 sec and not 4.96666 x 102 sec.

In pra,ctice we usually carry out divisions to one more digit

than we need and then we roanda off. For multiplication, on the
vi

/ other hand, we do the entire multiplication before rounding.

k

fP.

r---.
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55. In 1972, 8.8 million passnger cars were sold in the4United
States. Assume the average length of a passenger car to be
5 meters, and calculate the length of a caravan made uR of
all these new cars. If the caravan started at your city, to
what other city would it extend?

56. In the film 2001, a4speceship traveled from our moon to one
of the moons of Jupiter. Let us' suppose this distance is
about 2 x 109 km and that the ship could travel 3 x 104 km
each hour. How much time will it take the spaceship to make
this journey?

57. The total number of checks that pass through the Feder)
Reserve banks each day is 4 x 106, and their total valu `is
$4:2 X 109. What is the average dollati value of each check ?

58. MacDonald's claims to 'have sold 15 billihamburgers over
a twenty-five-year period,
(a) If evety person in your school ate 3 harriburgers a day,
how Many hamburgers would be eaten in a year?'
(b) How many years would it take for them to eat 15 billion
hamburgers.?

'59. Measured in number of books, the largest university library
in.the United States is at Harvard'University. It has 9 x 106
books. About how many meters of shelNI?ing do you think are
in the library?

60. diameter of the earth is about 1.3 x 107 m.

(a) C late the volume of a ,cube-shaped box in which the
earth fit.
(b) The actual. volume of th'' ea h is about one-half that of
the box that could fit around it. What is the approximate
volume of the earth in m3?

(c)' The volume of the sun is 1.3 x 106 times the volume of
the earth. What is the approximate volume,of the sun, in m3?

79
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SECTION 1 NUMBERS LESS THAN ZERO

L.

2.

For each box in the following sentences decide what numbers
you can fill in that make sense. I

(a) Jennifir has cats. : ... t
(b) Bruno went to the movies 0 times .

(c) There are windows in the rodm.\-.0
- )

rrfg
'1141

For the boxes in the sentences below what numbers can be
filled in t t you think make sense? Are there any numbers
that make s se to these sentences that would not make
sense in any of-the sentences in Question I.? \,

(a) Maria has e dollars in her purse.
(b) Th bucket contains 0 liters of water.
(c) Th8 car moved a distance of meters.

...

All the boxes' in the. sentences in.the preceding questions'

have one property in common: The smallest number that makes

sense in any of the. boxes is zero. If we put the numbers on a rine

5, / 80
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that make sense in the boxes in Question 2-, they will all be on one
side of the zerp (Figure 1):

(a) I I I 1 DOLLARS IN PURSE
0.. 1 2 3 4

Figure 1 (b) 1 I t- t i LITERS OF WATER
.0 1 2 3

(c) I METERS
0 2- 3. 4

Tiere are, however, many real situations in which numbers

on both sides of zero.diake sense./6ne example is illustrated in
Figure 2. As age all know, a temperature may be 10 °C-above zero

4
or 12°C below, zero. No matter where we are, the temperature rises

as we move up the temperature l For example, we can see that

and
20o above zero < 30o above zero

30 cs

20°

10°

Figure 2 a'. 0

10°

200

Air 30

0 < 10° above

- ABOVE 41%

TEMPERATURE IN

DEGREES (°C)

BELOW

81.
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Similarly, as the temperature drops we see on the temperature line
that

(
and

'
10° below < 0°

20P below < 10° below

(Indeed, we all know that it is colder when the thermometer reads
20° below than when it reads 10° below.}

Now we will consider another example of a real situation in
bers make sense on both sides of the zero. Assume thatwhich n:,

you have a sister who was born..4 years before yoti and a brother-

who was born 3 years after you. If'you want to put the numberston
a line with the zero col-responding to e year you were born 'the
line would extenct'on both sides of th,e`zero. See Figure 3.

Figure 3
a

P

YEARS BEFORE

YOUR BIRTH
YEARS AFTER
_YOUR BIRTH

You,,can also see or this years linhat'a person born 1 year
after you was b".xn before the personoborn 2 yea after you; that,Is,

(. 1% yea*. after < 2 pars after

Siilarlr, someone born 3 years before you wkslorn before the
person born 2 years before 'you; ftiat is,

3 years, before < 2 y<ers before

82
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$
4.

,
On any number line representing time, an eyed that occurred

later than another is always to the right, of an event that occurred

earller.
a

In mathematics, which we use in all kinds, of situations, it

is customary too call the numbers on the number, line to the right of?

zei'o'positilie and those to the left of zero negative.. When a number

line is drawn vertically the positive numbers are placed above zero
and the negative numbers below zero.

.

We will be denoting a po'sitive number b' a + sign and al
negative number by a - sign on the left side of tht number. +6` is

read as "positive six,1! and -1.5 is read as- "negative one and five-
.

tenths." Positive and negative numbers together are called
nutribers.

3. Suggest some other examples of numbers on both sides of zero
that state real situations.

4. gepresent thA following facts on the same number line, or, in
this case, time, axis.

(a) The Korean war started 9 years after the United Stites
entered World Weill.

(b) World War;r1 started 2 years before the United States
entered it. .

(c) World War I ended 23 years baf,re the Vatted States
entered World War II..

-
r

. (d) The United States sent troops to Vietnbm 20 -years after
the United.,States etitered,World War II.' - ,

83
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On a, number line plot the followingmilestones in the history
of aviation end space travel. Consider the date of the first
,human space travelr to be zero.

N

1927
it 'Charles

Lindbergh makes first solo airplane flight
'across the Atlantic Ocean.

1957 First man -grade satellite, Sputnik I,, is launched. i.

1958 First 'U.S. satellite is launched.
,,..._

.

1961 First human space traveler (Yuri Gagarin).
-,

1962 First Ainerican orbits earth (John Glenn).
.,..

41963 First woman space traVeler. (Valentina Tereshkova).

1965 'Man "walks_in space."
.

196.6 First soft landing is Made on 'moon's surface by
ynrnanned spacecraft. i de

'' 1967 Ainerican astronauts are killed on launch Pad fire.
.

, . ,

1969 First man walks,on the, =On (Neil,Armstron 6

, .

t'

6. The elevations of cities and towns are expressed imeters
above or below sea level. Plot the following data on an,
altitude line. i

City or Location

Boise .

Death Valley '.

Denver
k...

Jericho d-

Jerusalem ,

Kansas City

. Mexico City .r
New York ,

Philadelphia

Tiberias ,
401r

Elevation in Meters

820

-86 r
6

1610

-A00

760 ,

30
11,

2240

17

30 .

. -210
4,,"

t
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SECTION r SIGNER NUMBERS AND VECTORS ti

4

When we deal only with natural (unsigned) numbers, we can

use the line segment between the number and zero to Tepresent the

number itself. Fokexarnple, in Figure 4 the segment beliween 0 ,ancf

4,, can stand for the number 4.

Figure 4
0, '1 .2 3 4 5.

As shown in Figure 5, we can also use such segments to rep-
,

resent the numbers without the numbeF

V

5

Figure 5 3

6..5.

However; 'when we extend the number system to include both

positive and negative numbers, we can no lloncieri use a segrient for
a simple number. The reason is that the length, of the segment, say,

-between 0 and +3 isthe same as the distapce between 0 and -3 (see

Figure 6).

Figure 6
-1

4 °. 85

vOO

4010

t..1 1.1
0

N
+1 +2 '+4

Mi

4

`0
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To distinguish betwee ,and -3, we ca turn the $egments,
'into rows. -Arrows pointing to the right will siNd for positive num-.

, bers, and arrows pointing to the, left will Stand for negative numbers.
_,

,."The length of the arrows will represent the ;
site'or the magnitude of

the rthiriber (see Figure 7)

ti

Ft gure 7

+4

-5

+4,8

- -A quantity that has p magnitude and a direction is'called*a
vector. Ve6tors have many applications,, but our,immediate interest

° is in using them to represent signed numbers.

7.

(

*
. ,Refer to the number line in Figure'.6 to draw vectors represent-ing the following numbers.

(a) -1.5,
(b) +5.2

(c) -0.8

48. In the following vectors, .1 Cm stands for.1"- unit.. What signed
_numbers do these vectors describe?

,
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SECTION 3 ADDING SIGNi'D NUMBERS

How can we des,c,ribe the.addition of two positive numbers

in terms of their corresponding' Vctors? 1.et us look at an example:

. (+3)*+` (+2) = .(+5)

In,this case.W put tfre,signed'nuinbers inside pargritheses to sepa-

rate.them from.the, addition symbol. .To do the problem using corre-

sponding: vectors,We can draw the following diagram' (tiguie 8).
,

, 1

(+3)'

(+2)

(+5)

Figure 8
6

A translation of Figure 8 intowords reads as follows:

Draw the Oect'ors that describe the two numbers you want to

d xeil to head. The 'ictor that starts at the tail of the first and

ends at the head of thesecond describes the sum of the' two numbers.

Thist,method:viill givte the right 'answer for any ewo positive

numbers you choose so 1314g as you draw the vectors td scale. An-

,.other exa*rnele is shown

+
(+3.0 x'104) r
( +1.5 .x 104)t

(+4.5 x 104)

. Figure
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We will be defining the addition of signed pumberS, whether
positive or negative, by the tail -to -head addition oftheir CorresPorld-

,

lig vectors. Here are some examples in which one or both numbers
are negative (Figure 10).

-.-

(+51
tberefOre (+5)

(-2).
? I

It

r
(+ 1 )

e,4: therefore +
(+ 1 )

(-3) (-3),
? . r (-2 )

qr

i

(-2 5) ,
therefore +

(-3.5)
'( -,6r0)

e

°

- -rte

eigure
t.

mala

'9. Use vectors to edd tie following signed numbers..

(a,
(+6)

(-fl)

(b)
j-5)

a i
'1,

147 5)
(c).

(77)

, (+2.5)
(d) + -4.61

(e) + (-3.7)
. (+4.2)

s .

a

104.



10. Find

(a)

4

he following s.ums.

-2.8
-4.0

(3) +4.0

o -2.8

(c) +
+3.0 cm
+1.7 cm,

(d)
+3.0

(e) -2.6 km
-1.0 km,

+5.0 .m
tt.

4-10

1

\k*

's 11. Choosing suitable scales for ydur vectors, find the following
SUMS .

(a) ,
+1.3 X 3'94
+3.5 x

r

-2.7 x 103
-7.6x 103

(c) +
-3.1 x 106
+5.5 X 106

(d)

A

89

f

I

° i
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Adding signed numbers as vectors is really what you do when
or

you use a calculator. Entering the first number with its sign corre-

sponds to drawihg the first vector'. Pushing the " +" key corresponds

to saying that the text vector will be placed tail to hoed: Entering

the second number correspbnds to drawing the second vector. Finally,
A

pushing the "='' key Corresponds to measuring the lengtikand noting, . v -the directionpf the'final vector. = 0

On a calculator a number without a' sign always stands for a
S

, positive number; that is, j.3 = 3. Negative numbers always carry

the minus sign. "So that a negative number can be ented into the

calculator, the calculator dust have a.key called "change' Sign" or,

as on some calculators, a key labeled +/-.

F".411r400"

Ir/'

b.-

Vir
A.

If a calculator is available to you, use it to do Questions 9-11..

4

From thFIZysegoing questions you may bave already concluded

that you can add signed numbers without drawing vectors. However,

the vectors can help you remetn,1?e rthefollowing simple rules that

you u adding the numbers on papecOr in Your head.

When you add two,
a
numbers of the satnilsigO, you

add-their magnitudes. The sign of the sum is the
me as the sign of the two numbers.

'2. `, W u add two numberi ofdifferent signs, you
subtract the number of the smaller magnitude from
the:number of the lirger magnitude. The sign of
the sum is the same as,the.signof the number of4
the larger magnitude.

Tt"

1.

90

4

4

11,
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.13y sketching or imagining the vectors that correspond to each
pair of signed numbers, detertiine which number is closest to
their sum.

(5) (+46.7) +,(7155.8)

(b) (-0.65) + ( -1.50)

(c) -612) + 0.2258):
.

101

Finbahe following-sums. Use sketc es when helpful..

is about

is about

is about

+200
-100
+110

-2.0
+2.1
-0 `. 9

±2900
+1600
-1700

0

(.3)4 +
'/ -1, 7

(b )

(c)

3
2

(d)
.3'-410

-
(9) +

2.3
.. +3,7

0

9

J.

4
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14. Find the following sums.

(a)- (+3. 5) + (-4.6) + (-7.9)

(b) (-7.2 x 105) + (+6.3 x 105) + (-11.2 x 105)

(c) (-0.52) + .60)' + (+3 . 56)

I

SECTION 4 TOTAL AND AVERAGE

1.
Suppose that a person Slade the following'weekly deposits

in his savings accoun $5.00, $4.50, $6.50, and $3.00. What
was his average d it over the four-week period? To find the

answer you wquld first calculate the total deposit by adding all the

deposits:
,

Total d4osit = 5:001F 4.50+ 6.50 + 3.00 := $19.00

Then you would divide by four:

00.Average deposit - $194 - $4.75

This way of finding ati averagedePosit will also work if

during some weeks the person withdrew money. We simply con-

sider the withdrawal to be a negative deposit. For example, a

withdrawal of $8.00 would be cpnsidered as a deposit of $(-8.48).

.This way the rule for finding an average deposit would be the same

as before: First 'find the'total deposit by adding all the weekly de-:

posits, and then divide by the number of wee to find the average.

:(
92

\
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For example, suppose that during a five-week period a per-
.

son made the following deposits:

(-8.00), (+16.00), (+4.00), 0, (-10.00)'

Then, the average weekly deposit is

(-8 CICI) + (+16.00) + (+4.00) + 0 -K(-1.0.00)
. or 5 -

-$0.40
,

This Method of finding averages Works for all signed nu-m-
.

bers whether they describe deposits, temperatures, or other quan-
For example, the average of 20, -10, 30, 40, -60 is

20 + (-410) + 30,+ 40 +. (-60)
5 -/\

15. The tem2erature rn Ski City * report to be 28°F, 12°F,
-3°F, 9uF, -1 , 12°F, and at 2 p.m. on each day of a

,certain weed "hat was the average temperatur6 in Ski City
for a p.m. that week?

V. 6 .
-

During a football game, Jim Nameless carries the bait and
g-ains fhe following yardage: %

_+22, -3, -8, +12, +44, +2, +5,.+13, 72, *-17'

In this list losare listed as negative gairrs.
(a) What was Jim's total gain?

(b) What was Jim's average gain?;

1

,

.7. A uning dial.ori a radio can be turned-all the way around a
nil ber of times both- clockWise (+) and counterclockw-ise ( -)
The dial is turned according to the following sequence: -,
... 1 3 - 1 3 1+1 turns, -- turn, +2 turns, -1 turns, -4 turn, +-4 turn,

2 4 4
1and 4-2
4

turns.. \
,

/ _r
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(a) What is the sum of these signed numbers?
(b) What is the meaning of the sum?
4"1.64,

18. What are'the following sums ?

(a) (0.100000) + (0.010000) + (0.001000) + (0.000109)
+ (0.0p0010) + (0.000001)

(b) (0.100000) + (-0.010000) + (0.001000) + (-0.000100)
+ (0.000010) + (-0.000001)

1 MI
MIN

A. group of, students estiplated,a certain length to the nearest
0.1 cm. ,They later measured the .ength and comPatred their
result with their...guesses. 1f they.estimated to'o high, the
errors were recorded as posite. Errors ,on the low side were
two. rded as negative. The data (all given in cm) were as
follows:

\Is1 ErrorsEstimating

+1.2 4.3. +0.1 +0.6

+0.3 f-0.7 0 +0.3

(a) What was the average error? 1

lArlit was the average'Of the 'errors that were. too high?

(c) Wilwas the average of the eaors.that were too lots?

20. (a) Write down five numbers. A

(b) Fp their aArage.
(c) Find hoW fL above or below'the the five
numbers is.

(d) Now average the signed numbers you found in (c)..

(e) arts (a
Is your ewer
of a ras n why

through (d) for another set of five numbers.
part (d),the?afrre as before? Can.you think

1

94.
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wiriON ANTE DIVIDING SIGNED NUMBERS

rfig °

What should be the sign of the product of two signed num-

bers? To answer this question we will look to our experience with
natural' numbers for ideas.

, , .

.

When we ex fended the number' line to include negative num-

bers, we decided to put the positive numbers where the natural num-

berg were (Figure 11).

Figure 11

Original ,number, .dine

'Extended number line I I I I I

- 3. -1 0 '+1 404441, 43 +4

4,

0 1 2 3 4

As we know, the produbt of two natural numbers is a natural

number. Therefofe It makes sense to define-the product of two post -1

tive numbers as a positive number: For exaniple (+2) x (+3) = +6. it
In practice, we hardly ever bother to write the + signs; we simply

take them for granted.
. .

What can we learn from n f ural Ambers about a produ'ot of a

positive numbk- and a negative umber,isay, (+3) x (- We can look

at the product of the natural n mbers,3 x 4 as a repe ted additio

'3 x 4 = + 4 + 4 = 12

kid so it mikes sense to. define the product k 3) x (7

(-4) + (.:4) + c-4)

.:1(V

1'4!

.5 (

#
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(+3) x (-4)

6 The sigh of the product of two numbers should not depend
'

on whether the numbers are integers or not. Therefore, the product
., . , - .

of 'any positive and negative'numbers should be nega'-tfve. Forcej...
,ample, ,

1:),,,x (.3_
\ 2 4

)
8

.2) X (-0.60) = -0.72

21. For natural numbers the ord
plied doffs nota'ffebtthe'result.
mutative law: For example, 2 x
law to holgor signed numbers,
pkoduct (-A) x (4-3)?

`22.. Multiply the following.

I (a) (+4) x (-:7)

,(b) (-50<142,0

(c) (+2 x 103) X., (-4 x 106)4 \-

..(d) (+0. 03) x (+0.,4)

r- (e) (+0.7) X (-6.-1X 104)

..

23. Find the following. product's.
. .

(a) x .1)
3 4

( +Y6) X TO)

(8)x(+2)

(b)

4

which two numbers are multi-
s Cs known as the corn-

3 =....12< . If we want`this
what must be the sign of the

9%

(d) jel) x (21
3 2

(e) (4.2.4 )x
5

'90.4"

/11

7

ore

Ce p

4;

.)

0
(

4
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24. Calculate the following.

(a) (+30) x (+16)

(b), (+42) x (-4)

(c) (-50) x (+12)

(+63) x (.1-)

25. For natural numbers we cpn always replace division by a
1suitable multiplication: For example, 5 ÷
4

4 =`5 x If we

want signed numbers, also to have this property, what must'
be the sign of the quotient of a positive number and a nega-
tive number?

26. Find the following quotients.

(a) (+27) = (+3).

(b) 1+28) + (-7)

(6) (-0.066)+(+o.11)-

(d) ( +3 x 107)-÷ (-2 x 103)

(-42 x 108)
(+6 >5 102)

(e)

(f)
( - 15 0 )

(+0.3)

27. F.irid the average of each of the following sets of numbers.

(a) +6, -7, -15, +8, -21

(b) +5.2, -0.12, +1.05, -15.2, -6.2
(c) +5, 0, 6, 3, -12, 0, 0, 9

9w



\....---'--

.

s \

1

.

i , 4-19 .

. ,

28. Suggest a quick way of finding the average of each of the
fallowingets of numbers.

INS
II IN
NNE

(a) .-5.2, -5.2, -5.2, +3.6,

-1.4, -1.4, -1.4

(b) +0.068, +0.068, +0.068,
-0.25, -0.25

+3.6, +3.6, +3.6,

-0.41, -0.41, 0, 0, 0,

So far we have established the following rules for multi-

plying signed numbers:

The product of two positive numbers is a positive
humb'er.

The product of a positive number and a negative
number, is a negative number.

1

4

What should be the sign of the product of two negative num-
:

bers? To answer this question, we shall again look at what we
. ,

know about natural numbers.

You can verify that 2 X (3 + 5) = (2 X 3) + (2 x 5). This is . -
an example of the distributive law. The law holds true fo' natural

,r numbers, and it makes sense that it should also apply to signed

numbers. For example,

(+2) X (+5) + (.-3) should equal @2) x (+5 + +2; x (-3)

Let us check if this is indeed true:

1' (+2) x ((+S) +;(-3)) = (+2) x (+2) = +4-

. and
,

+2) x (+5+ (+2) x (-3) = ( +10) + (-6) = +4

93
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Our examRle illustrates that when.we follow the two rules'A

to multiply signed numbers, the distributive law holds true.
(

Now let us consider the product

( -2) x (4-5) + (-4= (-2) x (4-2) = -4

Applying the distribUtive law to this case, we get

-4 = (45 (=-2) x (-3)

We know that

Therefore,

.,

-2) x (+5) =-10

-4 = -10 +

This is only possible if

(-2) x (-3) =4-6

/ You can repeat this'reasoniV with any three signed numbers

you choose. The product of two negative numbers has to be positive,

if 'the distributive law is to hold true.

Caution: Do not make your fpwn rule that says simply "two

minuses make ,a plus." This is true for products. The sum of two

negative numbers is indeed negative.

1

29.. Calculate the following.

(a) (-4)-x (-5)

(b) (-4). x
3

4

(



4-21

(c) % (-4) + (-5)

(d)
(-) +

3 3

30. Find the following products.

(a) (-24) x (-014)

(b) (-35) x (-1)
7

(c) x (-5)

(d) (-0.04) x (V.3)

1".

31". Suggest a reason why,the quotient of two negative numbers
should be a positive number.

32. Po the following calculations.

(a)
25

- 50

(b)

(c)

(d)

(e)

(f)

1

- 0i06
+0.3

+0.56
- 70

60
0.2

-500
0.25

- 70
-1400

100

6

r
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SECTION 6 SUBTRACTING SIGNED NUMBERS

ipporEarl

W1.11

In Section 3 we learned to describe the addition of signed

numbers in terms of their corresponding vectors. We shall now

foil-ow-a similar method to learn how teiiibtract signed numbers.

Let us statt with two positive numbers (Figure-12).

(+6)

(+ 2 )

(+ 4 )

Figure 12 k5

A translation of Figure 12 into words reads as follows:

Draw the vectors that describe the numbers tail to tail. The

vector that starts at the head of the second vector and ends at the

head of the first vector describes the difference of the two numbers.

`Heie is another example (Figure 13)..

Figure 13

-
Another way to look at Figure 13 is to note that the answer

vector (+I) is whet you have to add to the second vector (+4) to get

the first ( +S).

'
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,We will now define the subtraction of any signed number by

the tail -to -tail subtraction of their corresponding vectors.' Consider

. an example in which both numbers are positive but the second one

is larger than the first (Figure 14)

Figure 14

(+3) v 1
1

, ,

(+7) ' 1
.

.
(+7).

1

..; (- 4 )2 o -
...,

therefore - (+3)

4,.

Figure 15 illustrates the subtractions in which at least one

f the numbers is negative

(+4.5)

(-2.0)

(-2.5)
(+3.5)

Figure 15

I

11111.. mom Am dam aim me ow.. aim ea ro=. me me cal

therefore

, .
therefore (-2 .5)

- (+3 . 5)

(-6.0)
t J

.
(-3 . 0) . (-3 .0)rit---"--T- 1 therefore -

.. 1 ,(-4 . 5) ell ,
I (-4 . 5)

1

? 6 .1 (+ 1 . 5 )

102
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33. Draw vectors to subtract the following signed numbers.

C.

(a)

(b)

(c)

(d)

(e)

(+2)

6)
4

( -4)

- (+4)

(+7)

(-6)

(-3)

(-7)

-L21

34. Find the following differences.

(+2.5)
(a) -

(-4.0)

(b) - (-3.2)

(-6.6)

1 (C)

(d)

(e)

(-5.3)-
(+7.8)

(-6.5)
(77.2)

(+1.8)

(4:5.3)

103
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35. Ch dosing suitable scales for your vectors, find the following
differences.

(a)
(+5 x 103) L
(+2 x 103)

(b)
(-6 X 107)
(78X 107)

(c)

(d)

(-4 x 104)

(+8 X 104)

(+6.5 X 109)

(+7.0 X 109)-

Just as in the case of addition, you can subtract signed

numbers without drawing vectors to scale. Nevertheless, a vector

sketch can help you apply the following simple rule when sub-

tracting signed numbers in your head...
%It

1. When you subtract two numbers of the same sign
you subtract their magnitudes. The 'sign of the
result can be seen from a sample vector sketch.,

2. When you subtract two numbers of opposite signs
you add their magnitudes. Again, the sign of the
answer can he seen from a rough sketch.

36. By sketching or imagining the vectors that correspond to each
pair of signed numbers, determine whidh number is closest
to their difference.

° +121
(a) (-25.6) - (+150.8) is ab,6ut -175.

-125 ,

1 04
'eV

t,
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+1.4
(b) (+0.85) - (+2.2) is about -1.4

+900
(c) (+521) - (-350) is about -200

+200

37. Find the following differences.

(a) (-1.5) - (-2.6)
(b) (+7.6) - (-1.9)

(+81)
2

- (+12)

(d) ( -25) - ( +54)

(e) (+0.05) - (+0.007)

(f) (-0.6) (-1.8)

Describing signed numbers by vectors helped us in two ways:

(1) to define the addition and subtraction of-sWned numbers, and

(2) to check Whether an answer is reasonable.

.
However, once you have had enough practice, you may want

to add and sa tracesigned numbers without drawing vectors. In this

case, the fo4owing rules are worth remembering.

Adding two signed numbers

If theftf signs are the same,
add the magnitudes.

If the. sin's are different,
subtract the magnitudes.

In each case, the sign of
the sum is the Sign of
the number that has the
larger m'a'gnitude:

105
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4

Subtracting two signed numbers

If the signs are the same,
t: subtract the magnitudes.

If the signs are different,
add the magnitudes.

,

If the number that has the
larger magnitude is
first, the sign of the
difference is the sign
of the number with the
later magnitude.

If the number that has the
larger magbitude is
second, the sign of the
difference is the oppo-
site of the sign of the
number with the larger
magnitude.

,38. Choose numberS and use vectbt sketches to illustrate the
rules for each of the following.

(a)

(b)

(c)

(d)

addition'of two numbers ttkay, have the Same signs

addition of two numbers hat have opposite signs

subtraction o two numbers that have the same signs

subtraction of two numbers that have opposite signs

39. FolloW' the rules to do the probiems,below.

(a) - "
+3

(sr '
. -3

r.

(o) --
-3'
+5

(d) +
-5

(e) -7
+6'

(f)
27

-6

,1
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40. (a) (-4.7) + (+6.8)

(b) ( -3.6) - (+5.7)

(c) (-1.8) + (-6.9)
(d) (+5.3) + (-1.4)
(e) (+8.3) (+11.7)

SECTION 7 CHANGE AND PERCENT CHANGE

41. The height of a child was 132 cm on January first and 138 cm
on June first of the same year. `'By how much did the child's
height change during the five months?

42. (a) The price of a clock rrdid was first $32.95 and then
$49.95. What was the change in the price of the radio?

(b) The price of a calculator was first $18.30 and then
$15.75. By how Mudh did the. price of the calculator change?

The question "by how much:has something changed" is

answered by subtracting the earlier value from the later value.
With signed number's the differ'ence betWeen the later and earlier
values also makes sense, no materwhat numbers are used. Here

,
are some additional examples:

Mildred's vight was first 129 pounds

and then 124 po,und*& The change in her

weight was 124 129 = -5 lbs.
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Joshua's weight was 'first 124 pounds

and then 129 pounds. His weight changed
by 129 - 124 +5 lbs.

In every case we take the later Nka lue and subtract the earlier from it

a

The table below list's 10 a.m. and 2 p.m. temperatures in
degrees Farenheit on the same day at different locations .
By how much did the temperature change at each place?

Temperature in °F

10 a 4

5.3

Little Ic; Arkansas 15 8

Bismar orth Dakota -1 712

Albany,, New York 8 -13
Cincinnati, Ohio - 5 + 7 -

Location

Los Angeles, California

44. 4 'The following chart shows the batting average of Joe Whiff
at the end Of each month last season, _

April .- .253 . August .242
,

% May .271 .4 September .25?
June .275 .- .. October .2'81

July .269

,....
(a) Represent this'data in a- bar,graph. /

i (1)) During which month did Joe's average impicove Ae most?
By how much did it improve ? '

, .

...

(c) During, which month did'Joe safferthe worst Skump
How big was hig slump?

I 1'

- ,

O

O
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V/.4.'1 You often hear`or see statements such as "The price of milk
went up 12%" tor "Radios 2Q% off." Such statemen ts also express
cliange although they do not tell us by how many dollars the price
changed. They give the percent change -- that is, the ratio of the

7 change in price to the old price," expressed in hundredths.

The statement about milk means

Change in pr1cft
Old price -+0.12"= 12%

Suppose that the old price were 84 then

Change in price = +12% of 84

= +.0.12 X 80

=

And the new price becomes.

New price = old price +-change

= 844 10

940

When there is a drop in price, the change is negative.
"statement about the radio says

'Change in price - -0.20 = -20%Old price

103
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Suppose the old price were 18.00 dollars. Then

Again,

Change in price = -20% of 18.00 dollars

-0.20 x 18.00 dollars

. = -3.60 dollars.

New price = old price' + change

= 18.00 dollars + (-3.60 dollars)

= 14.40 dollare.

45. Becausdtof increased prices, the cost of a 525.00 radio
rent up 15%.
(a) What was the change in the cost of the radio?

(b) What was the cost of the radC,after the increase?

46. Martha noticed a pocket calculator listed at $17.88 that was
*st on sale at 30% off.

(a) What was the percent change in price?
4.

(b) What was the change in price?

(c) What was the sale price of the calculatd?

47. A decorative candle listed at $4,90 is on sale at 20% off.
(a) 'Find the price change. 6.

(b) Find the sake price.

1

11;)


